Introduction
In continuation of remarkable development by Aharony, Bergman, Jafferis and Maldacena (ABJM) [1] , Aharony, Bergman and Jafferis (ABJ) [2] identified further examples of AdS/CFT correspondences: three-dimensional N = 6 superconformal Chern-Simons theory with gauge group U(M) k × U(N) −k , where k denotes the Chern-Simons level, is dual to Type IIA string theory on AdS 4 × CP 3 [3] with B NS holonomy turned on over CP 1 ⊂ CP 3 . For consistency with flux quantization of Ramond-Ramond field strengths, the B NS holonomy is not arbitrary but takes a value in Z k (measured in string unit). From M-theory viewpoint, the gravity dual background descends from AdS 4 × S 7 /Z k once M-theoretic discrete torsion is turned on over a torsion 3-cycle in S 7 /Z k . The corresponding torsion flux takes a value in H 4 (S 7 /Z k , Z) = Z k . In the limit M → N, these discrete fluxes are turned off and the new correspondence [2] is reduced to the correspondence identified earlier [1] 1 . The purpose of this paper is to show that, much the same as the ABJM theory [5, 6] , the ABJ theory also exhibits integrability structure in the spectrum of anomalous dimensions for single trace local operator 2 . By extending the computations of [6] , we shall find that the spin chain Hamiltonian that governs two-loop operator mixing and anomalous dimensions in ABJ theory is essentially the same as that of ABJM theory modulo suitable change of perturbative coupling parameters.
We organized this paper as follows. In section 2, in comparison with the ABJM theory, we list several new features of the ABJ theory that will be directly relevant for the quest of integrability structure. In section 3, we revisit the derivation of integrable spin chain from Yang-Baxter equations. We emphasize that parity symmetry of the spin chain is broken in general. We construct the most general parity non-invariant, integrable spin chain Hamiltonian and show that, up to overall scaling, there are two-parameter family of Hamiltonian. In section 4, we compute operator mixing and anomalous dimensions of single trace operators at two loops. We find that the resulting Chern-Simons spin chain Hamiltonian coincides with the spin chain Hamiltonian derived from Yang-Baxter equation. In fact, the Hamiltonian is exactly the same as the Hamiltonian for ABJM theory [5, 6] , except that the coupling parameter N 2 in the ABJM theory is now replaced by MN. In section 5, we offer several arguments why the spin chain Hamiltonian does not detect parity violation effect of the B NS holonomy and illustrate them by studying giant magnon. We also suggest that the discrete holonomy may be visible for an open spin chain associated with open string attached to giant graviton or dibaryon operators. 1 In [2] , the authors also proposed AdS/CFT correspondence for orientifold variants with N = 5 superconformal symmetry. In what follows, for concreteness, we shall focus on the subsets with N = 6 superconformal symmetry.
Lagrangian of these superconformal field theories were previously studied in [4] . 2 For other important works on integrability structure at the weak coupling limit, see [7, 8] .
Aspects of ABJ Theory
In the ABJ theory, since the number of fractional branes is a new parameter added to the ABJM theory, there are three coupling parameters, M, N, k. In contrast to N = 4 super Yang-Mills theory, a unique feature of the ABJ theory (as well as ABJM theory) is that the coupling parameters are all integer-valued. In this section, we elaborate several notable aspects of the ABJ theory that will become relevant for later investigation of integrability. For these, we shall take the generalized 't Hooft planar limit (in the convention M ≥ N):
though some of the results are extendible beyond this limit. Among these, the parameter b is parity-odd and measures parity symmetry breaking effects in ABJ theory.
In this section, we elaborate several salient features of the ABJ theory that will become directly relevant for our foregoing investigation on integrability structure.
• From the viewpoint of M2-branes probing C 4 /Z k orbifold singularity, the ABJ theories arise when, in addition to N M2-branes, (M − N) fractional M2-branes are localized at the orbifold singularity. In the much studied situation of N D3-branes probing M 5 /Γ orbifold singularity, adding fractional D-branes [9, 10] at the orbifold singularity [11, 12] led to running of otherwise constant gauge coupling parameter and hence to loss of the conformal invariance. This implies that, in the large N limit, gravity dual background is deformed away from AdS 5 × M 5 /Γ [13, 14] . In the ABJ theories, even though fractional M2-branes are introduced, the supergravity background is not deformed at all and retains AdS 4 × S 7 /Z k . We can understand this curious feature from noting that the gaugegravity correspondence at hand involves superconformal Chern-Simons theories. In the latter theories, coupling parameters M, N, k are all quantized to integer values. Therefore, at quantum level, these coupling parameters cannot possibly run under renormalization group flow. As such, we expect that operator mixing and anomalous dimensions of gauge invariant composite operators are still organized in the planar limit M, N → ∞ as an analytic perturbative series expansion of the 't Hooft coupling parameters (2.1) within finite radius of convergence 3 .
• Introducing fractional M2-branes or turning on B NS holonomy, the parity symmetry is broken in the supergravity dual background and, in accordance with AdS/CFT correspondence, in the superconformal Chern-Simons theory. Apparently, parity transformation maps the Chern-Simons parameters by k to −k while holding M, N fixed. In the planar 3 Recall that, in N = 4 super Yang-Mills theory, the radius of convergence of planar expansion is |λ| = π 2 [15] .
limit (2.1), this maps b to −b while holding λ, λ fixed. We recall that the parity symmetry P in ABJM theory was defined as, under
In particular, since Y I ↔ Y † I , the parity exchanges the two isomorphic gauge groups, U(N) and U(N). In the corresponding spin chain, this was identified with interchange of two interlaced chains of 4's and 4's. From the viewpoint of SU(4) symmetry, this is equivalent to charge conjugation. As such, the above (2 + 1)-dimensional parity transformation acts on the spin chain as (1 + 1)-dimensional parity transformation:
Hence, under this generalized parity transformation, the ABJM theory and the corresponding spin chain were manifestly invariant. Now, in the ABJ theory, the above parity transformation cannot possibly be a symmetry since, among others, the two gauge groups are different and cannot be exchanged. In fact, as we shall see below, the parity maps one ABJ theory with a given gauge group to another with different gauge group. Therefore, the newly identified correspondences of the ABJ theoy offer an excellent playground for exploring physics associated with parity symmetry and its breaking. In the quest of the integrability, this also raises very interesting issues: Is integrability compatible with parity symmetry breaking? Is parity symmetry breaking always reflected in the associated spin chain system? If so, what kind of spin chain Hamiltonian and higher conserved charges does it lead to? How visible is the parity symmetry breaking effect at weak and strong 't Hooft coupling regimes?
In the ABJM theory, the parity transformation mapped the theory to itself, viz. parity invariant. In ABJ theory, the parity transformation relates one theory to another in a rich manner. To see this, recall that the ABJ theory with U(M) k × U(N) −k gauge group is realizable via regular and fractional D3-branes threading between two diametrically separated (p, q)-branes of charge (1, 0) ⊕ (1, k). If we adiabatically move (1, 0)-brane and (1, k)-brane relatively and exchange their locations, the (M − N) fractional D3-branes will disappear on one interval of the two (p, q)-branes and the k − (M − N) fractional D3-branes are created on the other interval [16, 17] . Therefore, the original D3-branes
Combining also with the parity transformed theory, we then have equivalence relations:
Notice that the relation is entirely among Chern-Simons theories. In particular, the middle theory is always strongly coupled, since the 't Hooft coupling of the second gauge group is always great than unity. This is exciting; in the quest of integrability and its interpolation between weak and strong coupling limits, the above equivalence relations may provide a new useful trick to extract physical observables such as (generalized) scaling functions not just at weak and strong 't Hooft coupling limits but also at O (1) regimes (albeit the drawback that these are all in lower-dimensional field theories).
• The number of fractional M2-branes is not arbitrary but is limited to 0 ≤ (M − N) ≤ k. This is most clearly seen from decoupling limit of (M − N) many fractional M2-branes from N many regular M2-branes. Low-energy dynamics of the fractional brane is 
. We see that the Chern-Simons level at quantum level k ′′ remains the same as the classical one k if and only if (M − N) ≤ k. Stated in the planar limit (2.1), this quantum consistency restricts the parity-odd coupling parameter b to take values less than unity. In particular, in the strong coupling limit where supergravity dual description is effective, we expect that parity symmetry breaking effect is completely invisible since b ≪ λ, λ.
• AdS/CFT correspondence asserts that gauge invariant, single trace operators in the ABJ theory are dual to free string excitation modes in AdS 4 × CP 3 with B NS holonomy over CP 1 , valid at weak and strong 't Hooft coupling regime, respectively. In particular,
conformal dimension of the operators should match with excitation energy of the string modes 4 . As summarized in the Appendix, the ABJ theory with gauge group U(M)×U(N)
is not much different from the ABJM theory: it possesses N = 6 superconformal symmetry with SO(6)≃SU(4) R-symmetry and contains two sets of bi-fundamental scalar fields
where now Tr and Tr refer to trace over U(M) and U(N), respectively. The chiral primary operators, corresponding to the choice of (2.5) with C
totally symmetric in both sets of indices and traceless, form the lightest states. They correspond to the Kaluza-Klein supergravity modes on gravity dual background. Since the gravity dual of the ABJ theory is still the same as the ABJM theory, viz. AdS 4 × CP 3 , ABJ claims that the spectrum of non-baryonic chiral primary operators is independent of (M − N) and hence b 5 . This entails an interesting question: is the spectrum and the spectral distribution of all single trace operators, not just chiral primary operators, independent of b?
Integrable Spin Chain from Yang-Baxter
Given the distinctive features as above, does the ABJ theory also exhibit an integrability structure? If so, since the ABJ theory is parity non-invariant, we must address if integrability structure is compatible with parity symmetry breaking. Paying attention to this, in this section, we revisit derivation of the spin chain Hamiltonian associated with the single trace operators (2.5).
Operator mixing under renormalization and their evolution in perturbation theory is describable by a spin chain of total length 2L. From the structure of operators (2.5), we see that the prospective spin chain involves two types of SU R (4) spins: 4 at odd lattice sites and 4 at even lattice sites. Since we are dealing with gauge invariant operators, these considerations are independent of actual values and relations of M, N in so far as they are taken to the planar limit, M, N → ∞. It is thus natural to expect that the prospective spin chain is again the same 'alternating SU(4) spin chain' of interlaced 4 and 4 as that featured in the ABJM theory [5, 6] . Identification of prospective spin system starts with solving inhomogeneous Yang-Baxter equations of SU R (4) R-matrices with varying representations on each site. Following the general procedure [22] , the Yang-Baxter equations were solved in [5, 6] . In this section, we shall repeat the procedure of [6] and emphasize that the putative SU(4) spin chain is the 'alternating spin chain' involving next-to-nearest neighbor interactions and that the integrable spin chain extracted from the Yang-Baxter equations in general breaks the parity symmetry.
As the elementary constituents are in the representations 4, 4 of SU(4) R , we start with Rmatrices R 44 (u) and R 44 (u), where the upper indices denote SU(4) representations of two spins involved in 'scattering process' and u, v denote spectral parameters. We demand these R-matrices to satisfy two sets of Yang-Baxter equations:
Here, the lower indices i, j denote that the R matrix is acting on i-th and j-th site V i ⊗V j of the full tensor product Hilbert space V 1 ⊗V 2 ⊗ · · · ⊗V 2L . We find that the R-matrices solving (3.1, 3.2) are the well known ones:
where α is an arbitrary constant to be determined later. Here, we have introduced identity operator I, trace operator K, and permutation operator P:
acting as braiding operations mapping tensor product vector space V k ⊗V ℓ to itself. Similarly, we also construct another set of R-matrices R44(u) and R4 4 (u) for 'scattering process' of the specified quantum number constituents. They will generate another alternative spin chain system. Demanding them to fulfill the respective Yang-Baxter equations:
we find that the solution is given by
whereᾱ is an arbitrary constant. In the two sets of Yang-Baxter equations, the constants α,ᾱ are undetermined. We shall now restrict them by requiring unitarity. The unitarity of the combined spin chain system sets the following conditions:
where ρ(u) = ρ(−u),ρ(u) =ρ(−u), σ(u) are c-number functions. It follows that the first two unitarity conditions are indeed satisfied for any α,ᾱ, while the last unitarity condition is is satisfied only if α = −ᾱ. Without loss of generality, we shall set α = −ᾱ = 0. Viewing (2.5) as 2L sites of alternating 4 and4 in a row, we introduce monodromy T-matrix
for one alternating chain and another monodromy T-matrix
for the other alternating chain. The spectral parameters a,ā are a priori independent since the two spin chains are independent. Yet, intuitively, we expect they are related each other since every lattice site of the inhomogeneous spin chain must have a unique spectral parameter. For now, we shall proceed without a priori such an input and verify that the two are indeed related as an outcome of derivation of the Hamiltonian. Both monodromy T-matrices are defined with respect to an auxiliary zeroth space. These monodromy T-matrices can be shown to fulfill the Yang-Baxter equations:
and
We also define transfer matrix by taking trace of the T matrix over the auxiliary space:
It then follows from the Yang-Baxter equations that
Here, in the first two equations, a,ā are arbitrary and denote two undetermined spectral parameters. These parameters are restricted further if we demand the last equation to hold. We showed in [6] that the two alternating transfer matrices commute each other if and only ifā = −a.
Commuting set of conserved charges are obtained 6 from moments of the transfer matrix with respect to the spectral parameter u. By definition, the Hamiltonian is obtained from the first moment of τ alt : H ≡ d log τ alt (u, a)| u=0 where d ≡ ∂/∂u. The computational procedure is standard in the context of alternating spin chain and straightforward. After some computation, we found the 44 spin chain Hamiltonian acting on 4 residing sites as
where
Here, we scaled the Hamiltonian by multiplying (a 2 − 4). By the same procedure, from the first moment of τ alt : H =≡ d log τ alt (v,ā)| v=0 , we also found the Hamiltonian for the 44 spin chain acting on 4 sites as
where we have replacedā by a using the relationā = −a. See [6] for details of the derivation.
To have the spin chain Hamiltonian hermitian, as shown in [6] , we choose the parameter a purely imaginary, a = iγ. Moreover, since there is no parity symmetry mapping even sites to odd sites or vice versa, we can have different coupling parameters and different ground state energy density. Thus, the most general integrable spin chain Hamiltonian reads
(3.20)
Here, having two mutually commuting spin chain Hamiltonian by our choice of the spectral parameters, we introduced two coupling parameters J e , J o and two ground-state energy parameters ε e , ε o for the even and the odd alternate spin chains, respectively. Overall, the spin chain
Hamiltonian depends on five parameters (J e , ε e ), (J o , ε o ) and γ. Some of these parameters can 6 The following derivation of Hamiltonian is valid only for L ≥ 2. This means that the energy eigenvalues of the following Hamiltonian for the case L = 1 do not agree with true energy eigenvalues.
be fixed from considerations of underlying physics of the system. Overall scale can be set to a choice of convention. If we invoke supersymmetry, the ground-state energy parameters can be fixed by demanding that all chiral primary operators have vanishing energy. This still leaves out two free parameters in the Hamiltonian. For general choice of these two parameters, the integrable spin chain Hamiltonian (3.20) is parity non-invariant.
In the ABJM theory of N = M, the single trace operators had the exchange symmetry 4 ↔ 4. This is the same as the charge conjugation symmetry which entered in the definition of the parity transformation as given in (2.2) and (2.3). We thus put a = i0 in that case. Here, however, since the parity symmetry is broken in the ABJ theory, a priori, there is no reason we stick to this case. This implies that the spin chain Hamiltonian for the ABJ theory may belong to a family of Hamiltonian of the above type. In particular, generically, the parity symmetry is broken.
Despite all these, in the next section, we shall find that the Hamiltonian that actually arise from the planar perturbation theory turns out:
with
viz. the choice J e = J o = λλ/4, ε e = ε o = −6 and γ = 0 in (3.20) . This Hamiltonian is exactly the same as the spin chain Hamiltonian of ABJM theory except that the coupling parameter λ 2 is replaced by λλ. In particular, the Hamiltonian is completely parity invariant. Stated otherwise, the parity non-invariance of the ABJ theory is not reflected in the spin chain Hamiltonian associated with the single trace operators. We shall discuss reasons behind this in section 5.
Integrable Spin Chain from Chern-Simons
In this section, we describe the two loop spin chain Hamiltonian by the direct evaluation of the anomalous dimension matrix of the suggested operators.
In general, as well understood from general considerations of the renormalization theory, the divergence in one-particle irreducible diagrams with one insertion of a composite operator contain divergences that are proportional to other composite operators. Therefore, at each order in perturbation theory, all composite operators must be renormalized simultaneously. In addition, the wave function renormalization of elementary fields needs to be taken into account. This leads to the general structure of the renormalization matrix:
For the operators we are interested in, this takes the form of
with the UV cut-off scale Λ. Therefore, the anomalous dimension matrix ∆ is given by
Below we shall compute anomalous dimension matrix of the following single trace operator (2.5) in the basis:
The action for the N = 6 U(M)×U(N) superconformal Chern-Simons theory is the same as that of the ABJM theory except the change in the gauge symmetry and the matter representation. We relegate its detailed structure to the appendix. Basically, the Feynman diagrams and integrals for the U(M)×U(N) theory with M = N (ABJ theory) are not much different from those of the M = N one (ABJM theory). The general power counting argument shows that the logarithmic divergence arises only at even loops. Therefore, nontrivial contribution to the anomalous dimension again starts at two-loop order. For the bi-fundamental matter fields with indices (m,n), any loops of the Feynman diagram involve a sum over the fundamental index m or the anti-fundamental indexn giving the factor M and N respectively. Then the planar diagrams are now organized as a double power series of the two 't Hooft parameters λ andλ. At two loops, the general planar contributions include terms proportional to λ 2 ,λ 2 and λλ. As we shall explain below, for two-loop anomalous dimension matrix, we find that all the purely fundamental (λ 2 ) and purely anti-fundamental ( λ 2 ) contributions cancel among themselves and the remaining mixed contributions lead to the two-loop Hamiltonian:
which is integrable clearly. In this section, we explain derivation of the above Hamiltonian, not by repeating all the computation and but just counting λ andλ factors based on the computation of Ref. [6] . Except these extra counting factors, all the remaining Feynman integrals are found to have the same expressions. In particular, there is no extra diagram that contribute to the Hamiltonian when M is taken different from N. We begin with the three-site scalar sextet contribution. The Feynman integral and numerical factors are all the same as the M = N case of Ref. [6] except λ 2 is now replaced by λλ. The Feynman diagrams are depicted in Fig. 1 . One may check that the diagram involving the scalar sextet potential has always one loop of scalar fundamental and the other loop of scalar antifundamental. Therefore, the contribution is of mixed type and becomes
Next we turn to the two-site gauge and fermion interactions. As shown in Fig. 2 , there are three relevant non-vanishing contributions. The first is the diamagnetic gauge diagram contributing as a I type operator. There are one scalar loop and one gauge loop. One finds that the loop are always of the same type, i.e. either λ 2 orλ 2 . For M = N case the contribution for each site was − 
On the other hand, the two site fermion exchange contribution is always mixed type leading to the K operator. There could be also mixed I type contribution in principle but they cancel among themselves with the specific form of the Yukawa potential we have. Therefore, the fermion two-site contribution becomes
The last diagram of Fig. 2 describes the two-site gauge K type contribution. It is simple to check that this contribution is of mixed type, whose expression reads
We now turn to the contribution of the one-site interactions. Adding up all the two-site interactions to the three-site interaction, we see that terms involving K operator cancel out one another. So, up to overall (volume-dependent) shift of the ground state energy, the dilatation 
The contributions of the gauge paramagnetic interaction in Fig. 4 are obviously all mixed type. Hence, their contribution becomes
The contributions of the Chern-Simons interaction in Fig. 5 are of types λ 2 orλ 2 . Its contribution now becomes
The fermion pair interactions to the wave function renormalization are depicted in Fig. 6 and they are all of mixed type. Their contributions are
Finally, we consider the two-loop contribution from the vacuum polarization. Since the ChernSimons gauge loop and the corresponding ghost loop contributions cancel with each other precisely, only the matter loops have the non-vanishing contributions. The non-vanishing two loop contributions of vacuum polarizations are all mixed type, which are depicted in Fig. 7 . Their contribution is
Summing up all these wave function renormalization to Y,Y † , we find their contribution to the anomalous dimension matrix as Figure 6 : Two loop contribution of fermion pair interaction to wave function renormalization of Y,Y † . They contribute to I operators in the dilatation operator. One can see that the λ 2 andλ 2 contributions in (4.15) cancel with those of (4.7). Thus, one finds that only mixed type contributions remain. Adding up all contributions,
we get the result (4.5). As claimed, this is precisely the parity-symmetric alternating spin chain Hamiltonian we obtained from the mixed set of the relevant Yang-Baxter equations. Finally, let us comment on the two loop wrapping interaction of L = 1 case as a checkpoint of internal consistency with N = 6 supersymmetry, extended to M = N. The 4 ⊗4 representation is decomposed irreducibly into the traceless part, 15, and the trace part, 1. The multiplet 15 is chiral primary operator, so their conformal dimension ought to be protected by supersymmetry. However there is no contribution of three-site scalar interaction. Thus naively, the protection of the above chiral primary operator is not possible. However, spectrum of the gauge invariant operator of length 2L = 2 will receive contributions from wrapping diagrams already at leading order, which we will identify. From the above computations, the sum of the two-site and the one-site contributions is 17) where the multiplication factor two comes from the number of sites. 
Putting both the original and the wrapping diagram contributions together, the full Hamiltonian of 2L = 2 operator is given by
Notice that the part proportional to I operator is canceled between the original and the wrapping interaction contributions. One thus check that the chiral primary operators 15 indeed has a vanishing anomalous dimension since, by definition, it has no trace part and is annihilated by K operator. For the singlet 1, |s = So far, we computed the spectrum of the shortest operators without a priori assumption of supersymmetry. As a consistency check, we now compare these spectra with their superpartners.
Recall that length 2ℓ operators with Dynkin labels (ℓ − 2m, m + n, ℓ − 2n) and length 2ℓ − 2 operators with Dynkin labels (ℓ − 2m, m + n − 2, ℓ − 2n) are superpartners each other. Here, we have the simplest situation: the L = 1 operator 1 of Dynkin labels (0, 0, 0) is the superpartner of L = 2 operator 20 of Dynkin labels (0, 2, 0). Using the results of Ref. [5] , the anomalous dimension of the latter can be found as 8λλ, and matches perfectly with our computation.
Further Discussions
The most salient feature of our results is that, though the Yang-Baxter equations and hence the integrability structure permit it, the spin chain Hamiltonian derived from the ABJ theory at two loops does not show parity symmetry breaking. In this section, we elaborate further regarding this result and also provide intuitive (albeit heuristic) argument for the reason why.
• Weak Coupling Limit: Closed Spin Chains
The spin chain is, roughly speaking, weak coupling counterpart of the semiclassical string propagating on AdS 4 × CP 3 with discrete B NS holonomy. On the other hand, the supergravity dual background of the ABJ theory is given by
where J is the Kähler two-form threading the CP 1 inside CP 3 . Notice that the curvature radius is
is exactly the same as the background of ABJM theory, viz. the curvature radius remains unchanged by turning on the B NS holonomy. As such, the spectrum of light fields is unaffected by the discrete B NS holonomy. This is consistent with ABJ's claim that the spectrum of all non-baryonic chiral primary operators is independent of b but also goes beyond, asserting that all string spectrum is independent of the discrete holonomy.
Given that the spectrum of chiral primary operators is independent of b, it is not surprising that the spectrum of all single trace operators (2.5) is also independent of b as well. Consider a closed, semiclassical string propagating in the background (5.1). The string is macroscopic and propagates freely with the worldsheet topology of cylinder. This is the strong coupling counterpart of a single trace operator in the planar limit. Since the worldsheet has topology of cylinder, the integral over the pullback of the discrete B NS holonomy would be zero. ABJ argues further that, at strong 't Hooft coupling regime, all the U(M) k × U(N) −k theories with M = N, N + 1, · · · , N + k are all similar to each other, since the only difference is the discrete B NS holonomy. Extrapolating this to the weak 't Hooft coupling regime, it then seems that all these theories are identical to all orders in the planar perturbation theory. Our result that the spin chain Hamiltonian of single trace operators is parity invariant fits to these ABJ arguments.
On the other hand, if the string trajectory wraps around CP 1 over which the discrete B NS holonomy is turned on, the integral will be nonzero. In fact, this leads to the worldsheet instanton effect whose strength scales as exp(− √ λ). Transcribed to the weak coupling limit, we conjecture that these worldsheet instanton effects may correspond to a class of unsuppressed fluctuations of the length of the single trace operators. These fluctuations are not generic ones, since they must be the counterpart of worldsheet topology of sphere.
At present, though, it is unclear what precise nature of these fluctuations are.
Putting these considerations together, the (M − N) dependent effect is completely suppressed at the strong 't Hooft coupling limit (modulo worldsheet instanton effect) and is most pronounced at the weak 't Hooft coupling limit, as reflected through the coupling parameter λλ = λ 2 (1 + b/λ). Still, we found that the parity symmetry breaking effect,
proportional to the sign of (M − N), is invisible in the single trace operators.
• Strong Coupling Limit: Giant Magnon
Is the parity symmetry breaking visible at strong coupling limit, λ, λ → ∞? Because of quantum consistency, as discussed in Section 2, the coupling parameter b is restricted to a discrete value ranging over [0, 1]. Therefore, in the limit λ, λ → ∞, we expect that parity symmetry breaking effect is completely suppressed to the order O (1/λ, 1/λ). Below, we confirm such expectation by demonstrating that the spectrum of a giant magnon in the gravity dual of the ABJ theory is exactly the same as that in the gravity dual of the ABJM theory.
We The B NS potential is
We work in the conformal gauge-fixing and choose the static gauge t = τ. We truncate the dynamics consistently on the first S 2 by setting ξ = 0 and rename θ 1 = θ, φ 1 = φ. Bosonic part of the Type IIA superstring worldsheet action over R t × S 2 reads
where z = cos θ. In this set-up, the Virasoro constraintṡ
have to be imposed as well. The energy density is uniform in the static gauge and the string energy is proportional to the spatial coordinate size:
With an ansatz,
the equations of motion are reduced to
The equation of motion is not affected by the B NS field. The worldsheet momentum p is from the 
where dn(σ, k 2 ) is the Jacobi elliptic function and we introduced the parameter η by
12)
The range parameter r is given by √ 1 − v 2 √ ηK( √ η) where K(x) is the complete elliptic integral. For simplicity, consider the infinite size limit ω → 1 7 . The solution in this limit becomes 13) with the worldsheet momentum given by p = 2 cos −1 v. The spectrum 14) remains unchanged, thus showing no b-dependence nor parity symmetry breaking effect.
• Weak Coupling Limit Revisited: Open Spin Chain
Though effect of the discrete B NS holonomy is invisible to closed strings (up to the aforementioned worldsheet instanton effect), the holonomy certainly affects spectrum of heavier string states such as D-branes that wrap around CP 1 over which the discrete B NS holonomy is turned on. These D-branes are giant gravitons and di-baryons and their excitation is described by open strings attached to them. Again, as for the closed string case, we see that the effect is suppressed in large 't Hooft coupling limit, while it could be pronounced in small 't Hooft coupling limit. From the string worldsheet action (5.5),
we expect that the boundary condition gives rise to at most O (1/λ) effect. super Yang-Mills theory, such configuration of open spin chain was studied [25] . In fact, boundary reflection matrices were determined for the tensor structure [26] and for the dressing phases [27, 28] . We expect similar development can be made in the ABJ theory with the new twist of the multiple boundary conditions. We are currently investigating this and will report the results elsewhere.
Finally, since the spin chain Hamiltonian of the ABJ theory takes the same form as the ABJM theory, diagonalization of the transfer matrices proceeds the same manner. Thus, the Bethe ansatz equations of SO(6) sector [5, 6] and of full OSp(6|4, R) [5] will have exactly the same form except that λ 2 of the ABJM theory counterpart is now replaced by λλ.
